The existing standard reliability models for computerized numerical control (CNC) machine tools are not satisfactory and they fall short of predicting failure rates or lifetime of key functional parts of CNC machine tools. This is attributed to two reasons: the small sample size of failure data and a large truncated ratio of the censored failure data. Improved correction method (ICM), maximum likelihood estimation (MLE), and empirical maximum likelihood estimation (EMLE) are presented and compared with each other in this study. In order to improve the shortage of reliability models developed by the traditional methods, an improved maximum likelihood estimation method (IMLE) is proposed through enlarging censored failure data. Moreover, the correction factors of mean ratio to extend censored time are designed, by which the censored failure data can be close to the true time between failures (TBF). Furthermore, a solution method of correction factors considering amount of calculation is proposed to meet the requirements of calculation precision. Finally, verification by the orthogonal experiment is simulated to verify the proposed model. The verifying test results show that the proposed method can be applied in reliability modelling for not only CNC machine tools but also the key functional parts of CNC machine tools.
Introduction
With the rapid development of automatic control and information technologies, computerized numerical control (CNC) machine tools, such as lathe (turning), milling, and boring machine tools, have become important manufacturing equipment in the manufacturing industry.
Key performance indicators on reliability and life-cycle modelling approaches are various for different purposes. Many scholars predicted remaining useful life (RUL) for cutting tools according to its wear-processing during the real cutting process [1] [2] [3] . Remaining useful life is described for nonrepairable products which are characterized by degradation failure, while machine tools are repairable and complicated system and their key components are all designed by the rigid method. So remaining useful life is seldom referred to as a performance indicator for machine tools. Machining precision is an important indicator for machine tools, such as positioning error [4] , tool path error [5] , and geometric accuracy [6] . However, it is difficult to measure those parameters of machining precision during short working time, and if the machining precision is lower than the specific value, we would treat it as one type of failures. Productivity rate is employed for increasing economic efficiency by changing machining parameters or machining modes [7, 8] , which ignores the influence of the failures which needs a long time to be repaired. As is known, reliability of CNC machine tools influences quality, productivity, and efficiency and furthers market competitiveness, so it has been one of the most important performance indicators for CNC machine tools. So, mean time between failures (MTBF) is employed as a main index of reliability evaluation for CNC machine tools [9] [10] [11] . And it is universally accepted by foreign scholars [12] [13] [14] .
According to the characteristics of the failure data of CNC machine tools, the reliability model with the variable of time between failures (TBF) can be divided into two categories. One is the complete failure data model and the other is the incomplete failure data model. The reliability modelling method of CNC machine tools with the incomplete failure data can make full use of the test information and improve the accuracy of the reliability model, so it has been paid more and more attention [15] [16] [17] . Wang and 2
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He [18] established five different reliability models by the survival ratio method, cumulative risk function method, correction method, improved correction method (ICM), and maximum likelihood estimation (MLE) method, respectively. With comparison of those models, they drew a conclusion that the ICM method is better than others when the censored data accounts for a large proportion. Chen and Li [19] conducted a large number of simulations with the case that the failure data is a small size sample following to Weibull distribution, and they came to a conclusion that the reliability model developed by the MLE method is better than those by the product limit estimation method and moment estimation method. In summary, the accuracy of the reliability model developed by the ICM or MLE method is higher than those of others. ICM and MLE method are regarded as traditional methods.
However, traditional methods cannot be well suitable to reliability modelling for CNC machine tools due to the small size sample failure data with lots of censored data. For this problem, researchers have proposed many reliability modelling methods based on Bayesian theory, such as Bayesian reliability inference method [20, 21] , Bayesian modelling method (BMM) [22] , and Bayesian networks [23] [24] [25] . All the methods mentioned above relative to Bayesian theory are subjectively influenced by experts' experience. Besides, the accuracy of those methods can also be partly affected by the accuracy of the MLE method. Therefore, we focus on the improvement of the MLE method when there is lots of censored failure data. This paper is devoted to establish an improved maximum likelihood estimation (IMLE) method for reliability modelling of CNC machine tools with lots of censored failure data. The remainder of this paper is organized as follows: in Section 2, the traditional reliability modelling methods for CNC machine tools are presented, and goodness of modelling curves is proposed for comparing different modelling methods. In Section 3, a complex and rude method is proposed to solve the parameters of the IMLE method. In Section 4, the proposed method is applied to the key functional parts of CNC machine tools. Section 5 discusses the limitation of the new method. Section 6 concludes this paper.
Reliability Modelling of CNC Machine Tools
Failure of one system is the state of the system that does not perform the specified function. Failure of CNC machine tools mainly includes two meanings. One is that the machining task cannot be completed normally, and the other is that the processing precision cannot reach the predetermined requirements.
Classification of Failure Data.
Due to the limitation of the test sample size and test time, there are three kinds of failure data. They are precensored failure data, complete failure data, and postcensored failure data. The precensored failure data is a set of time intervals from the beginning of the test to the first failure and the complete failure data refers to a set of time intervals between two continuous failures. The postcensored failure data is a set of time intervals from the last failure to the end of the test. If the tested products do not fail during the trial, the postcensored failure data is the whole test time. The precensored failure data and postcensored failure data are both right censored data. The censored failure data mentioned in this paper belongs to the right censored data, which is also called type I censored data.
Assumption of Reliability
Modelling. In order to simplify the reliability modelling process, it is assumed that the CNC machine tools tracked at the same time are from the same type and same batch of machine tools. Moreover, the CNC machine tools tracked in the field test are regarded as working under the same external conditions including temperature and humidity. Internal conditions, mainly working conditions, have a great impact on the reliability of CNC machine tools. As usual, the main working conditions are divided into heavy load, medium load, and light load groups. If the difference of working conditions of the tracked machine tools is large, we should divide them into two or more groups for making one group work in the similar working conditions. So the machine tools from the same group are regarded as working in the same working conditions. As CNC machine tools are typical mechatronic systems, it is always assumed that they can be repaired as new as the ones before they failed. So we mainly focus on the statistical reliability modelling method for CNC machine tools.
Modelling Process.
The failure data of CNC machine tools collected from the field tracking test is the basis of reliability modelling. After preliminary processing, a set of incomplete failure data is obtained. Then, according to the relative frequency histogram of the failure data, Weibull distribution is selected as the distribution of TBF of CNC machine tools [26] [27] [28] . Then, different methods are used to estimate the parameters of the model according to the proportion of censored data. Finally, point estimation and interval estimation of MTBF are obtained. The specific process is shown in Figure 1. 
Modelling Method.
Because of the short test time and small batches of CNC machine tools, the failure data obtained in the field tracking test is usually small size sample. Therefore, two reliability models developed by the ICM and MLE methods have the disadvantage of instability. In order to improve the accuracy of the model, the precensored failure data is always treated as the complete failure data when applying the MLE method. This method is renamed as the empirical maximum likelihood estimation (EMLE) method. The three methods are introduced as follows.
Improved Correction Method.
It is assumed that the field tracking test has been carried out under the same conditions for machine tools which are of the same type and same batch. The number of the incomplete failure data is with complete failure data and − censored failure data. Then the data is arranged from the smallest one to the largest one; that is, 1 ≤ 2 ≤ 3 ≤ ⋅ ⋅ ⋅ ≤ . It is assumed that is regarded as the state of unrepairable product, where it works from the Mathematical Problems in Engineering 3 beginning to . The reliability function and relative functions established by the ICM method are shown as follows [29] :
where ( ) is the reliability of CNC machine tools at , ( ) is the number of CNC machine tools that are still being tested at and ( 0 ) = 0, is the correction factor (when is 10, 25, 50, and 100, resp., is 0.96, 0.96, 0.97, and 0.99, correspondingly), and ( ) is the probability of the censored CNC machine tools samples from −1 to . When a failure occurs at , then is 1; otherwise is 0.
The failure data collected in the field tracking test can be used to calculate the reliability of discrete ( ) sequence by (1) . With the fitting curve of Weibull distribution, it is easy to obtain the scale parameter ( ) and shape parameter ( ). According to (2) , MTBF of CNC machine tools can be obtained.
Maximum Likelihood Estimation.
and can be calculated with (3) by the MLE method when ( ) reaches the maximum value. Then, MTBF can be estimated by (2) .
where is the complete failure data, is the censored failure data, is the parameter vector, ( , ) is the probability density function, and ( , ) is the reliability function.
Empirical Maximum Likelihood Estimation.
In order to improve the accuracy of the model, the precensored failure data is always treated as the complete failure data when there is a large truncated ratio. Hence, the modelling method, namely, empirical maximum likelihood estimation method, can be described as
where 1 is the number of precensored failure data, 2 is the number of postcensored failure data, 1 is the precensored failure data, and 2 is the postcensored failure data. The solution of MTBF in the EMLE method is the same as that of the MLE method.
Simulation Contrast.
Verification by the orthogonal experiment is simulated to verify the proposed model. 
Goodness of Modelling Curve.
In order to judge the accuracy of the modelling curves obtained by different modelling methods, goodness of the modelling curve is proposed and it can be computed by
where ( ) is the reliability function of the modelling curve, * ( ) is the reliability function of the true curve, and is an indicator of ( ) deviating from * ( ). In order to compare the accuracy of modelling curves with different methods vividly, is divided into three levels. For example, it is defined that when ≤ 10, modelling precision of ( ) can be described as "Good"; when 10 < ≤ 50, modelling precision can be described as "Normal"; when > 50, modelling precision can be described as "Bad." Here "Good," "Normal," and "Bad" are three precision levels for comparing different modelling methods. The three levels of can be redefined for a better comparison according to rapid changes of ( ) * as shown in Figure 2 . In Figure 2 , the two pictures are similar, while the time scale is different. And, from (5), it can be seen that changes very much when * ( ) has a great change. Therefore, three levels of also should be redefined for better comparison when * ( ) changes greatly.
Simulation Test.
In order to compare the modelling methods mentioned above, simulation experiments are carried out with MATLAB under the conditions that 10 CNC machine tools are traced. The field test usually lasts two to three months, which is about 1800 hours, so the simulation test time is selected 1500 and 2000 h, respectively. The machine tools tracked in the field test are generally in the random failure period, which means is near 1. Hence, is set as 0.8 and 1.2. MTBF of CNC machine tools now reaches 1500 hours, so 1200 and 1600 are selected for . Therefore, four kinds of Weibull distribution function (combined by = 0.8 or 1.2, = 1200 or 1600) are selected as the simulation conditions. Those four kinds of Weibull distribution functions are commonly described as the reliability functions of Chinese CNC machine tools. Hence, 8 simulation conditions are selected as shown in Table 1 .
RCT calculated by (6) is the ratio of the censored data to the total data in the test. And RCT can be used to describe the constituent components of failure data. MRCT is the mean of RCT after 100 simulation times.
Considering the calculation speed and simulation accuracy, reliability modelling process is simulated 100 times by ICM, MLE, and EMLE methods, respectively. Then is obtained according to the simulation results. Based on the value of , the best method of the mentioned methods is chosen. Thirdly, 100 values of of the best method are sorted from small to large. Then, use two integers to divide them into three parts and the size of each part is close. Here the two integers are 10 and 50. Small changes of the two integers do not affect contrast effect for different modelling methods. Therefore, it is defined that when ≤ 10, modelling precision of ( ) can be described as "Good"; when 10 < ≤ 50, it can be described as "Normal." The simulation procedure and simulation results are shown in Figures 3 and 4 , respectively. In the bottom of Figure 4 , ICM (Good) refers to the proportion of the modelling curves whose values are in "Good" level after 100 times of simulation modelling test by the ICM method. The number of 1 to 8 refers to different simulation conditions detailed in Table 1 . Similar content can be explained in the same way for the similar pictures.
So, from Table 1 and Figure 4 , it can be seen that the accuracy of the reliability model established by the EMLE method is higher than those established by the ICM and MLE methods when there is a large truncated ratio. 
Improved Method

Improved Maximum Likelihood Estimation (IMLE).
The EMLE method is suitable for a large truncated ratio in a certain extent. But when the test time is short and there is a large truncated ratio (MRCT > 0.8), the reliability modelling of EMLE method has disadvantages of low accuracy and instability, especially in the condition of small size sample. By comparing the EMLE method with the MLE method, it can be seen that the larger the number of ( ) factor is, the higher the accuracy of reliability model is. Therefore, the IMLE method is proposed where ( , ) replaces ( , ) of MLE and is extended properly. The correction factors of mean ratio to extend censored time are denoted as and , respectively. The likelihood function of the IMLE method is shown in
1 and 2 are censored failure data, so they are smaller than the true TBF. With the help of and , 1 and 2 are close to the true TBF in order to make the model more accurate than the model obtained by the MLE method.
Solution of and .
It is difficult to gain the best values of and by traditional methods. Hence, a complex and rude method is proposed. Firstly, we should determine the range of , according to the minimum error between the true TBF and 1 , 2 . Then, according to discretization [30, 31] , several values are selected orderly from the range in order to gain a better solution of and . Considering calculation precision and amount of calculation, and are orderly selected from 1.5, 2, and 2.5. The solution procedure is shown in Figure 5 .
The incomplete failure data from 10 CNC machine tools simulated for 1500 hours is used to establish a reliability model, where and in (7) are orderly selected from 1.5, 2, and 2.5. In order to get the optimized parameters, the model got by the EMLE method is used as the reference. The simulation conditions are shown in Tables 2 and 3 . It can be found from Figure 6 that the modelling accuracy by the IMLE method is higher than that by the EMLE method when the number is 2, 3, 5, 6, 8, and 9. In order to validate this conclusion, it is necessary to simulate it under different conditions. The simulation results are shown in Figure 7 .
In the bottom of Figure 7 , 0(G) refers to the proportion of the modelling curves whose values are in "Good" level after 100 times of simulation modelling by EMLE method. Here 0 means EMLE method and other numbers (2, 3, 5, 6, 8, and 9) mean IMLE method in different and detailed in Table 3 . "G" and "N" are the abbreviation of "Good" and "Normal," respectively. Similar content can be explained in the same way for the similar pictures. Figure 7 shows that the IMLE method has better modelling accuracy with = 1.5 and = 2.5 on the whole. In order to make the result more accurate and more intuitive, comparative modelling curves developed by the EMLE and IMLE methods are shown in Figure 8 , respectively. For easy observation, the times of simulation are set as 10.
From Figure 8 , we can see that the reliability modelling curves established by the IMLE method are more concentrated around the true curve than that of the EMLE method, so the IMLE method is more stable.
Verification by the Orthogonal Experiment.
The number of CNC machine tools from different field tracking tests is changeable. And the range of parameters of Weibull distribution is always really large with 0.8 ≤ ≤ 2 and 800 ≤ ≤ 2000. But the IMLE method mentioned above is simulated only under the conditions with 10 CNC machine tools and 4 kinds of Weibull distributions. There are still some differences between the actual conditions and the simulation conditions. In order to verify the applicability of the IMLE and EMLE methods, four-factor and four-level orthogonal simulation test is carried out. The simulation conditions and results are shown in Table 4 and Figure 9 , respectively. As shown in Table 4 and Figure 9 , when the values of MRCT of conditions of 1, 2, 3, 4, 5, and 7 are between 0.75 and 0.90, the modelling accuracy of the IMLE method is higher than that of the EMLE method. Hence, we can come to a conclusion that the accuracy of the reliability model obtained by the IMLE method is higher than that of the EMLE method when 0.75 < MRCT ≤ 0.9 with no more than 10 CNC machine tools.
Seen from conditions of 6, 8, 11, 12, 15, and 16, when MRCT < 0.75, EMLE method is better than IMLE. The IMLE method is better than the EMLE method in conditions of 9 and 10, while the EMLE method is better than the IMLE method in condition of 13. Hence, the two methods are similar when MRCT > 0.9.
Therefore, the IMLE method can compensate the instability of the curves of the reliability model established by the EMLE method when 0.75 < MRCT ≤ 0.9 with no more than 10 CNC machine tools. The improved maximum likelihood estimation function is shown as
Application
The IMLE method is used to evaluate the reliability of the key functional parts of CNC machine tools in order to verify it. The key functional parts are components that have high failure rate or that have poor maintainability. For example, tool rest has a higher failure rate compared to other functional parts in CNC machine tools, so it is regarded as a key functional part. Another example is motorized spindle because of its poor maintainability [32] .
Verification.
In order to validate whether the IMLE method can be applied to the key functional parts of CNC machine tools, tool rest, whose MTBF is about 5000 h, is selected as one example. So the simulation parameters are set as 0.8 ≤ ≤ 1.6 and 2000 ≤ ≤ 6000. Then the reliability models are established by the EMLE and IMLE Figures 10(a) , 10(b), 10(c), and 10(d) are the contrast diagrams of the reliability models developed by the two methods in different situations with 10 samples. It can be seen from Figure 10 that when truncated ratio and scale parameter are large, the accuracy of the model established by the IMLE method is higher and the stability is better compared to that of the EMLE method. Therefore, the IMLE method is also suitable for reliability modelling of the key functional components of CNC machine tools.
The Scope of Modelling Method.
Due to great changes of ( ), three levels of need to be redefined that when ≤ 50, the accuracy level can be seen as "A"; when 50 < ≤ 250, accuracy level can be seen as "B." When the number of CNC machine tools is small as 5, the simulation test is conducted.
The simulation conditions and model validation results are shown in Table 5 and Figure 11 , respectively.
As shown in Figure 11 , models developed by the EMLE and IMLE methods both have low accuracy and poor stability. When 0.75 < MRCT ≤ 0.9, the IMLE method has higher modelling accuracy compared to the EMLE method in most of conditions. When sample size is increased to 10, the simulation test is conducted and the test results are shown in Figure 12 .
As shown in Figure 12 , when sample size, the scale parameter, and truncated ratio are large (sample size equals 10, 2000 ≤ ≤ 6000, and 0.75 < MRCT ≤ 0.9), modelling accuracy of the IMLE method is higher than that of the EMLE method in most of conditions.
Combining Figure 11 with Figure 12 , a conclusion can be drawn that the IMLE method is better than the EMLE method when sample size is no more than 10, 2000 ≤ ≤ 6000, and 0.75 < MRCT < 0.9.
Discussion
There is a large limitation when the IMLE method is used to estimate MTBF of CNC machine tools, but it truly improves modelling accuracy in the large MRCT condition. When it is applied to the key functional parts of CNC machine tools, the improvement of modelling accuracy is not really large due to the fact that values of and are obtained from the simulation process of establishing reliability models for CNC machine tools, rather than the key functional parts. If someone applies it to other areas for a higher accuracy in practice, it is better to obtain the optimal and first. In order to improve the proposed method, there is still a lot of further work to study. Firstly, the solution method of and is rude and it can be improved. Secondly, the data type of and can be changed from constant to random variable following a certain distribution in order to enlarge incomplete failure data more properly. Last but not least, the combination of the proposed method and Bayesian theory considering the more complex conditions would get a more reasonable result.
Summary and Conclusions
In this work, we have presented a novel improved maximum likelihood estimation method (IMLE) through enlarging censored failure data. Moreover, the correction factor of mean ratio to extend censored time has be designed. Verification by the orthogonal experiment has been simulated to verify the proposed model. It is concluded the following.
(1) Compared to the ICM and MLE methods, the EMLE method is more suitable for the reliability modelling for CNC machine tools with a short test time and a large truncated ratio.
(2) When 0.75 < MRCT ≤ 0.9 with the number of CNC machine tools no more than 10, the IMLE method has higher accuracy and stability than that of the EMLE method. In other words, low accuracy and poor stability of the EMLE method under a large truncated ratio condition can be overcome by the IMLE method in a certain extent. The number of test parameters from Table 4 EMLE ( The number of test parameters from Table 5 EMLE ( (3) When sample size is no more than 10 with a large truncated radio, the accuracy and stability of IMLE method for the key functional parts of CNC machine tools are higher than that of the EMLE method under most of conditions. In summary, the IMLE method is better than the EMLE method when 0.75 < MRCT ≤ 0.9 and sample size is no more than 10.
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